arXiv:1506.01550vl [math.AP] 4Jun2015 


UNIQUENESS AND NONDEGENERACY OF GROUND STATES FOR 
CHOQUARD EQUATIONS IN THREE DIMENSIONS 

CHANG-LIN XIANG 
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1. Introduction and main results 
1.1. Introduction. In this paper, we study the nonlinear elliptic problem 

(1.1) - Au +Xu= {\x\-^ *\u\P)\u\P-^u inM^ 

where A>0, l<p<oo are positive constants, A = ^xiXi is the usual Laplacian 

operator in 

Equation (1.1) is usually called the nonlinear Ghoquard or Choquard-Pekar equation. 
It is closely related to the focusing time-dependent Ghoquard equation 

(1.2) i^|Jt = —A'lj) — (|x|“^ * IV’T) ™ i^+- 

This can be seen from the fact that the function 'ip(x,t) = F'^^u{x) gives a solitary wave for 
equation (1.2) whenever u solves equation (1.1). In this context, equation (1.1) is known as 
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the stationary nonlinear Choquard equation. In the case p = 2, equation (1.1) is reduced 
to 


(1.3) 


— Art + Art = (|x| ^ * |u|^) tt in 


Equation (1.3) is also called the nonlinear Hartree or Schrodinger-Newton equation. It was 
used to describe the quantum mechanics of a polaron at rest in the work of Pekar [18]. It 
was also used by Choquard to describe an electron trapped in its own hole in a certain 
approximating to Hartree-Fock theory of one component plasma in 1976, see e.g. Lieb 
[10]. For more mathematical and physics background for problems (1.1)-(1.3), we refer the 
readers to e.g. [7, 10, 12, 13, 16] and the references therein. 

In this paper, we study ground state solutions (see below) of equation (1.1). By a 
solution to equation (1.1), we mean a function u G fl L®^/^(M^) such that for any 

function tp belonging to C“(M^), the infinitely differentiable functions in with compact 
support, there holds 


/ [Vu-Vp + Xup — [\x\ ^ * |rt|^) |u|^ ‘^up) dy = 0. 

Jr3 


The solution is well defined due to the Hardy-Littlewood-Sobolev inequality 


\v{x)\'P\v{y)\P 
\x - y\ 


dxdy < A 


|u| 5 dx 


for u G L 5 (M^), 


where A > 0 is a constant independent of u G We are concerned about the 

uniqueness and the so called nondegeneracy (see below) of ground state solutions of problem 

(1.1) . Before giving our results, let us first summarize some known results about ground 
state solutions of problem (1.1). 

It is well known [13, 14, 17] that equation (1.1) is variational. So solutions to equation 

(1.1) can be found by investigating critical points of related variational functionals. For 

instance, Moroz and Van Schaftingen [17] proved the existence of positive radial solutions 
to equation (1.1) in by exploring minimizers of the variational problem 


inf 


|Vup + |ttpdy 


■.ue 


(/r 3 * k|P) j 

In fact, in the same way, Moroz and Van Schaftingen [17] studied much more general 
problems than (1.1). From a physical point of view [1, 9, 10, 13, 14], the most interesting 
critical points are minimizers of the problem 


(1.4) 


where Ep : 


m{N,p) = inf {Ep{u) : u G Mat} , 
is an energy functional defined by 


EJu) = 


1 


iVwpdx- ^ ff 

2p i/RSxI 


\u{x)\P\u{y)\P 

\x - y\ 


dxdy, 


and M.AT is an admissible set given by 


AN = {ue : ||ir||2 = N} 

for a give number N > 0. Here ||tt ||2 = l^tpdy denotes the norm of the space L^(M^). 
Following the convention of Cazenave and Lions [1] (see also [5, 6, 9]), we call any minimizer 
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Q of problem (1.4) a ground state solution, or simply ground state, of problem (1.1) in 
We summarize the existence result of ground states of problem (1.1) along with a list of 
basic properties as follows. 

Theorem 1 . 1 . Assume that 5/3 < p < 7/3. Then for any given number > 0, the 

following results hold. 

(1) (Existence) There exits at least one ground state for problem (1-1) in An- 

(2) (Symmetry) For any ground state Q € An of problem (1-1), there exists a strictly 
decreasing positive function V : [0, oo) —)• (0, ,oo) such thatQ = v{\-—y\) for a pointy E 

(3) (Regularity) Let Q G An be an arbitrary ground state of problem (1-1)- Then Q 
solves equation (1-1) with X being a positive Lagrange multiplier. Moreover, Q G W^’^(M^)n 
C'°°(M^) holds for any s > 1. 

(4) (Decay) For any radial ground state Q € An of problem (1.1) with 2 <p < 7/3, 

there exists a constant 7 > 0 such that Q{x) = holds for Ixj sufficiently large. 

For a complete proof of Theorem 1.1, we refer the readers to e.g. Moroz and Van 
Schaftingen [17]. See also Lions [14] for the existence of ground states for problem (1.3). 
For the sake of completeness, we give a sketch of the proof of Theorem 1.1 in Appendix A. 

1.2. Main results. In this paper, we are concerned about the uniqueness and the so called 
nondegeneracy (see below) of ground states of problem (1.1). The motivation comes from 
the well known fact that the uniqueness and nondegeneracy of ground states Q of problem 

( 1 . 1 ) play a fundamental role in the stability and blow up analysis for the corresponding 
solitary wave solutions t) = e*'^*Q(x) of the focusing time-dependent Hartree equation 

(1.2) , see e.g. Lenzmann [9] and the references therein. We also refer the interested 
readers to e.g. [ 2 , 8 , 21 ] for studies on the uniqueness and nondegeneracy of ground states 
for nonlinear Schrodinger equations with local nonlinearities, and to e.g. [4, 5, 6 , 9] for 
studies on the same topics for nonlocal problems. 

However, in striking contrast to the questions of existence, it seems fair to say that 
extremely little is known about uniqueness and nondegeneracy of ground states for problem 
(1.1), except in the isolated case p = 2, which is due to Lieb [10] and Lenzmann [9] 
respectively. The purpose of this paper is to provide some results in this respect. Our first 
result reads as follows. 

Theorem 1 . 2 . There exists a number 0 < 5 < 1/3 such that for any p, 2 < p < 2 + 6, 
and for any N > 0, there exists a unique ground state Q G for problem (1.1) with 

II Q II 2 = XI up to translations. In particular, there exists a unique positive radial ground 
state Q = (5(|x|) > 0 for problem (1.1) with ||Q ||2 = H. 

As already mentioned. Theorem 1.2 is also true for p = 2, which is due to Lieb [10]. 
Recall that ground states of problem (1.1) are minimizers of problem (1.4). However, 
note that the functional Ep in problem (1.4) is not convex. So the conventional way to 
prove uniqueness for minimizers does not work. On the other hand, since ground states are 
positive radial solutions to equation ( 1 . 1 ) in a natural idea to derive uniqueness for 

ground states of problem ( 1 . 1 ) is to show that equation ( 1 . 1 ) admits a unique positive radial 
solution in iL^(M^). Indeed, as one of his main results, Lieb [10] proved the quite strong 
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result that in the case p = 2 equation (1.1), namely equation (1.3), admits a unique positive 
radial solution in One may try to extend his arguments to derive uniqueness 

for positive radial solutions to equation (1.1) in the general case p ^ 2. Unfortunately, 
this does not seem to work. The arguments of Lieb depend heavily on the particular 
nonlinearity of equation (1.3). In the general case when p ^ 2, the strong nonlinearity of 
the term (|a:|“^ * |m|p) \u\p~'^u in equation (1.1) prevents one from using the arguments of 
Lieb [10]. For details of the arguments of Lieb [10], we refer to e.g. Lieb [10] or Lenzmann 
[9, Appendix A]. Therefore new ideas to derive uniqueness of ground states for problem 
(1.1) are in need. 

Inspired by the recent works [4, 5, 6, 9], in the present paper we will apply a com¬ 
bination of compactness argument and local uniqueness argument to prove Theorem 1.2. 
Let > 0 be given and let Q be the unique positive radial solution to equation (1.3) in 
iL^(M^) with IIQII2 = N. First we prove a compactness result (see Theorem 2.1 in Section 
2 ), which states that positive radial ground states for problem (1.1) converges to Q as p 
tends to 2. Then we derive a local uniqueness result (see Proposition 3.1 in Section 3), 
which states that equation (1.1) has a unique positive radial solution in a sufficiently small 
neighborhood of Q when p > 2 and p is sufficiently close to 2. Finally, arguing by con¬ 
tradiction, we conclude Theorem 1.2. To prove the compactness result, apriori estimates 
for the corresponding Lagrange multipliers are in need, which requires a careful analysis 
on the equation (1.1) and the problem (1.4). We will also deduce an uniform estimate 
for the sequence of positive radial ground states of problem (1.1). To derive the local 
uniqueness result, we need a deeper knowledge on the unique positive radial ground state 
Q to equation (1.3). Precisely, we need to know that the linearized operator for equation 
(1.3) associated to Q is nondegenerate. Fortunately, this fact has been confirmed by Lenz¬ 
mann [9, Theorem 1.4]. Then we apply an implicit function argument to derive the local 
uniqueness result. 

Before proceeding further, we would like to remark a recent progress on the strong 
uniqueness result of Lieb [10]. By applying the moving plane method of Chen et al. [3], 
Ma and Zhao [15] proved that every positive solution to equation (1.3) in iL^(M^) is radially 
symmetric about some point in M^. Thus in view of the uniqueness result of Lieb [10], Ma 
and Zhao [15] concluded that the Hartree equation (1.3) admits a unique positive solution 
in iL^(M^) up to translations. We refer the readers to Ma and Zhao [15] for more symmetry 
results on positive solutions to nonlinear equations. 

Now we move to our second result in this paper. Let 5 > 0 be defined as in Theorem 
1.2. Let Q = (5(|x|) > 0 be the unique positive radial ground state for problem (1.1) with 
IIQII2 = A^ and 2 < p < 2 -\- 6. We define the linear operator associated to Q by 

(1.5) = -AC + AC - (p - 1) (|x|-' * QP) - p (|x|-' * (Q^-'C)) 

acting on L^(M^) with domain iL^(M^). Following the idea of Lenzmann [9], we obtain the 
nondegeneracy for ground states of problem (1.1). 

Theorem 1.3. Let 6 > 0 be defined as in Theorem 1.2 and 2 < p < 2 + 5. Consider the 
unique positive radial ground state Q for problem (1.1) with ||Q ||2 = N. Then there exists 
a number 0 < 6' < 6 such that for all p, 2 < p < 2 + 5', the operator defined as in 
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(1.5) is nondegenerate. That is, 

Ker£+,p = span {d^^Q, , dxsQ} ■ 

In the case p = 2, Theorem 1.3 is due to Lenzmann [9]. We will prove Theorem 1.3 by 
following the argument of Lenzmann [9]. Let us now give some remarks on Theorem 1.3 
before we close this section. 

Remark 1.4. (1) Let Q, A and p satisfy the assumptions in Theorem 1.3. Consider 
problem (1.1) in the complex valued Sobolev space iL^(]R^;C). Then the linearized operator 
C at Q is given by 

C( = -A4 + \(- (III-' * Q”) Q<-\ - ^ . Q”) Q'-" ({ + {) 

-f ({+{))) Qf-i, 

However, note that C, is not C-linear. To study the kernel of C, we view C as a combination 
of operators and C-^p, which act on the real part Re^ and the imaginary part Im,^ of 
^ respectively. That is, 

= £+^pRe^ + plm^. 

Here is the linear operator defined as in (1.5), and C-^p is defined as 

C-,p = -A + A - (|x|-^ * QP) QP-‘^. 

Since the ground state Q does not change sign in the whole space it is easy to see that 

KerT-^p = span{Q} 

holds. Hence, by Theorem 1.3, we obtain that 

r 3 

Ker£ = < Okdx^^Q + ibQ : 01 , 02 , 03,6 e M 
lfc=i 

(2) An immediate application of Theorem 1.3 that is of importance in the stability and 
blowup analysis of solitary waves for the focusing time-dependent Hartree equation (1.2) is 
given in terms of a coercivity estimate ofC^. Precisely, denote by (j) the first eigenfunction 
o//l_|_ acting on and set M = span {(^, 5^2Q, C Then we can 

use Theorem 1.3 to derive the lower bound 

(£+r/, ri) > c||r7||^i(iR3) for r] £ M-^, 

where c> D is a constant independent of rj. 

The rest of the paper is organized as follows. Section 2 is devoted to the compactness 
result of ground states for problem (1.4) when p tends to 2. Section 3 is devoted to the 
proofs of Theorem 1.2 and Theorem 1.3. For the sake of completeness, we briefly prove 
Theorem 1.1 in Appendix A. We also give in Appendix B a short proof of the regularity 
of the functional F used in Section 3. 
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Our notations are standard. We denote by Br{0) the ball centered at the origin in 
with radius r. For 1 < q < oo, we use to denote the Banach space of Lebesgue 

measurable functions u such that the norm 



(/jj 3 |rt|^dx)« if 1 < g < oo 


esssup]g3|u| if g = oo 


is hnite. A function u belongs to the Sobolev space if and only if u G L^(M^) and 

its hrst order weak partial derivatives also belong to We equip with the 

norm 



u\\2 + ||Vu||2. 


We denote by and the subspaces of radial functions in and 

respectively. By the usual abuse of notation, we write f{r) = f{x) with r = |x| 
whenever / is a radial function in M"". 

2. Compactness analysis 

In this section, our aim is to prove the following compactness result. 

Theorem 2.1. Let {pn} C (2,7/3) be an arbitrary sequence with lim„^oop„ = 2 and let 
> 0 6e given. Let Qp^ = Qp„{\x\) > 0 be a positive radial ground state for problem (1.1) 
with p = Pn o,nd \\Qp„ II 2 = N for all n G N. Then we have that 


in 


Qpn Q2 


Here Q 2 = Q 2 {\x\) > 0 is the unique positive radial ground state for problem (1.3) with 
\\Q2h = N. 


We divide the proof of Theorem 2.1 into several lemmas. For simplicity, we introduce 
the notations 




and 


Then the energy functional Ep can be written as 

Ep{u) = K{u)- Dp{u). 

2.1. Apriori estimates for Lagrange multipliers. In this subsection, we give an apriori 
estimate for Lagrange multipliers. First we have an equivalent variational characterization 
for the constrained problem (1.4). 

Lemma 2.2. Assume that 5/3 < p < 7/3. Then for any N > 0, we have 


( 2 . 1 ) 



where Ci{p) is a positive constant given by 


2 


( 2 . 2 ) 
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Proof. For any u € An, we have G An for all t > 0. An elementary calculation 

gives that 

ME, = -C,{p) ( 7 ^^) 

with Ci{p) given by (2.2). Then Lemma 2.2 follows from above easily. □ 

Lemma 2.2 can also be found in Moroz and Van Schaftingen [17] in a more general 
context. It is easy to infer from (2.1) that if Q G An is a minimizer of problem (1.4), then 

/ n ("nV \ 7 ^ 

Next we have the following observation. 


Lemma 2.3. Assume that 5/3 < p < 7/3. Then for any N > 0, we have 


10-2p 


m{N,p) = m{l,p)N '^-^p . 

Proof. Note that u G Ai if and only if un = N^/‘^u{Nx) G An- An elementary calculation 
gives that 


/ PpiuN? \ 
\K{un)^p~^ 


DpjuY 

K{u)^P-^ 


7-3p 10-2p 

N 7-3p . 


Thus we deduce from (2.1) and above equality that 


miN,p) =-Cl (p) sup I -u^Ai 


10-2p 

= -N 7-3p Ci{p) sup 


10-2p 

= m{l,p)N . 


Dpjuf 

K{u)^P~^ 


: u e Ai 


The proof of Lemma 2.3 is complete. 


□ 


Lemma 2.3 implies that it is sufficient to prove Theorem 2.1 in the case N = 1. In the 
rest of this paper, we shall only consider the case N = 1. For simplicity we write 


m{p) = m{l,p). 


Then (2.1) gives that 

(2.3) m{p) = -Ci{p) sup 


Dpjuf 

KjufP 


-5 


7-3p 


n G Ml 


with Ci{p) given by (2.2). 

We will need a lower bound for m{p). Recall that by the classical Hardy-Littlewood- 
Sobolev inequality (see e.g. [11]), there exists an absolute constant A > 0 such that, for 
any 5/3 < p < 5, we have that 


(2.4) 


l“(/l''l"(/l'’dxda < AMt 

\x-y\ - 
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Then by interpolation inequality, we have that 

\W\\^ < hll^lklle"^ Vu e l2(m 3) n 

with 0 < 0 = (5 — p)/2p < 1. By Sobolev inequality, there exists an absolute constant 
B > 0 such that 

(2.5) \\u\\6<B\\Vu\\2 

Hence combining above three inequalities we obtain that 

JJr^xrs \x — y\ 

for all u G In particular, we deduce from (2.6) that 

i/KSxRS \x — y\ 

Hence combining (2.3) and (2.7) yields the following apriori estimate for m{p). 

Lemma 2.4. Assume that 5/3 < p < 7/3. Then we have 


(2.8) m{p) > -(72(p), 

where (72 (p) is a positive constant given by 


and A, B are the positive absolute constants given by (2-4) and (2.5) respectively. 


(2.9) 


C2{p) = 


7 - 3p / (3p - 5)A{V2BfP 
3p — 5 i 4p 


Now let us consider Lagrange multipliers associated to minimizers of problem (1.4). 

Lemma 2.5. Assume that 5/3 < p < 7/3. Let Q be an arbitrary minimizer of problem 
( 1 . 4 ) with N = 1. Consider the Lagrange multiplier \p corresponding to Q such that 
equation (1.1) is satisfied by Q with A = Ap. Then we have 

(2.10) Ap = -^Y^^rnip). 

Proof. The proof is based on a Pohozaev type identity for solutions to equation (1.1). Note 
that Q satisfies 

(2.11) -AQ-{\x\-^*QP)QP-^ = -XpQ in M^. 

Multiplying each side of equation (2.11) by x ■ 57Q, we obtain by integrating by parts that 

K{Q) - 5Dp{Q) = -^Ap [ \Q\^dx. 

2 Jr3 

For details of the proof of above identity, we refer to Moroz and Van Schaftingen [17, 
Proposition 3.1]. Multiplying each side of equation (2.11) by Q, we obtain that 

2K{Q) - 2pDp{Q) = -Ap [ IQpdx. 

Jr3 
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Recall that \\Q\\2 = 1- Combining above two identities yields that 
(2,12) aid D,{(3) = ^, 

On the other hand, (2.3) gives us that 


m{p) 


-Clip) 


f DpiQ)^ 

[k(Q)3p-5J 


where Ci(p) is defined as in (2.2). Hence we derive from (2.12) and above equation that 


. ^ 7-3p ^ 

This proves (2.10). The proof of Lemma 2.5 is complete now. 


□ 


We remark that Lemma 2.5 implies that the Lagrange multiplier Ap is independent 
of the choice of minimizers of problem (2.3) (with = 1). Furthermore, we have the 
following apriori estimates for Ap. 

Lemma 2.6. Let Ap be defined as in (2.10) for 5/3 < p < 7/3. Then for any compact 
subset K C (5/3, 7/3), we have 


0 < inf < sup Xn < oo. 

PGA ^ p^K 

Proof. By (2.10), it is equivalent to prove that for any compact subset K C (5/3, 7/3), 
there holds 

—oo < inf m(p) < sup m(p) < 0. 

The lower bound inf;^ m > —oo follows from (2.8) of Lemma 2.4, since the function 
p G->• C 2 {p) is a positive continuous function for 5/3 < p < 7/3. 

So it remains to prove that siipp^j^mip) < 0. By(2.3), it is easy to see that m{p) < 0 
for all 5/3 < p < 7/3. Hence we always have suppg^ m(p) < 0. To obtain the strict 
inequality, we claim that the function p i—)• m(p) is upper semicontinuous. Indeed, note the 
fact that for any u € 77^(R^) fixed, the function p i—)• Dpiu) is continuous. This fact can 
be proved by the same argument as that of Lieb and Loss [11, Section 8.14]. We omit the 
details. Thus the function p i—)• Epiu) is continuous for any u G 77^ (R^) fixed. Now we can 
conclude that the function p i—>• m(p) is upper semicontinuous, since m{p) is the infimum 
of a family of continuous functions p i—)• Epiu) with u G Ai. Then we known that for any 
compact subset K C (5/3, 7/3), there exists po ^ K such that 

sup m(p) = mipo) < 0. 
p&K 


The proof of Lemma 2.6 is complete. 


□ 
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2.2. Uniform estimates for ground states. Let {pn} C (2,7/3) be an arbitrary se¬ 
quence such that Wmn^aoPn = 2. Let Qp^ = Qp^{\x\) > 0 be a positive radial ground 
state for problem (1.1) with p = Pn and ||Qp „||2 = 1 for all n € N. Then Qp^ satisfies 

(2.13) - AQp^ - (|x|-i * QPp:) QPp:-^ = -Xp^Qp^ in 

where Xp^ is defined as in (2.10). In this subsection, we prove the following uniform 
estimate for the sequence {Qp„}- 

Proposition 2.7. There exists a positive function F £ L^(M^) n L°°(M^), such that 

(2.14) Qp^ < F inM.^ 
holds for all n £ N. 

It has been shown by Theorem 1.1 that each Qp^ is bounded and decays exponentially 
to zero at infinity. However, we can not find a literature where a uniform estimate for Qp^ 
with respect to n is given. Hence we derive Proposition 2.7 to gives a uniform estimate 
for all Qp„. We remark that our estimates are only precise enough for use and far from 
optimal. 

To prove Proposition 2.7, first we derive the following uniform boundedness estimate 
for Qp^. 

Lemma 2.8. There exists a constant M > 0 such that 

sup ||(5p„||oo < M < oo. 

n 

In the rest of this section, we denote, for all n £ N, 

Vn = * Qll- 

Proof of Lemma 2.8. To prove Lemma 2.8, we need the following estimate 

(2.15) sup IlKiloo < oo. 

n 

Note that —AVn = dvrQp)) and that Vn is positive, radial and decreasing with respect to 
|x|. Hence 0 < Vn{x) < Ui(0). We only need to show that 

(2.16) supV)i(O) < oo. 

n 

By definition, we have that 

VniO) = [ \x\~^Q^"{x)dx= [ \x\~^QPl{x)dx+ [ \x\~^QP"{x)dx. 

iR3 J Bi{0) Jr3\Bi{0) 

Since 2 < Pn < 7/3, there exists r > 1 such that r' = r/(r — 1) < 3 and < 6. Then 
Holder’s inequality gives that 

x\~^Q't""{x)dx < { [ 1x1“^ dx^ ( [ (5S"^dx 

' -\JbP 0) ) \JB,iO)^ 



\jr 
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Note that Qp^ S is uniformly bounded. Thus Sobolev inequality implies that 

/bi( 0 ) < C holds for a constant C > 0 independent of n. Therefore 


sup / \x\ ^Q^"(x)dx < oo. 

n J Bi{0) 


On the other hand, 2 < < 7/3 implies that 2 < 4p„/3 < 6. Combining Holder’s 

inequality and Sobolev inequality yields that 


/ 

Js. 


\x\ ^Qll{x)dx< 


7 


|x| ^dx 


4pn 

Qpl dx 


M3\Bi(0) ‘ \JM?\Bi{0) j \Jm?\Bi{Q) 

for a constant C' > 0 independent of n. Combining above two estimates 
proof of (2.16). Thus (2.15) holds. 

Now we prove Lemma 2.8 as follows. Note that Qp^ satisfies 


< C" < oo 
completes the 


(2-17) ^Qpn + Qpn — (1 ^Pn)Qpn + 


Since 2 < < 7/3, we have 9/2 < 6/{pn — 1) < 6. Since pn tends to 2 as n —>■ oo, {pn} 

is contained in a compact subset of (5/3, 7/3). Therefore, by Lemma 2.6, Xp^ is bounded 
uniformly for all n G N. Thus we easily deduce that 


sup 11(1 - XpJQpJg,^ < Ml < oo 

n ^ 

for a constant Mi > 0 , and that 

sup||Q^"" 7 U < < Ma < oo 

n 2 n 

for a constant M 2 > 0, since Qp^ G 77^ (M^) is uniformly bounded, where 0 G (0,1) is a 
constant. Thus we deduce from (2.15) and above estimate that 

sup||l4Q^^"7U - (sup 14 ') sup||Q^^"7li < 00 . 

Therefore there exists a constant M 3 > 0 such that we have 

sup 11 (1 — Xp^)Qp^ + II 9 4 M 3 < 00 . 

n 2 

Thus by elliptic regularity theory, equation (2.17) gives that Qp^ G VL^’®/^(M^) and 

WQpn IIvF2.9/2(K3) < CMl + CM 3 < OO, 

for some constant C > 0 independent of n. By Sobolev embedding theorem, we have that 
P( 72 , 9 / 2 (]^ 3 ) (- Therefore, by setting M = CMi + CM 3 , we complete the proof of 

Lemma 2.8. □ 


Next we prove that I 4 decays to zero at inhnite in a uniform way. 
Lemma 2.9. ITe have that 


Vnix) < Colxl for X G M^. 


for all n G N, where Cq > is a constant independent ofn. 
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Proof. Since Pri > 2, it is easy to deduce from Lemma 2.8 that Qp’^ E nL°°(R^) and 

suPn (IIQptoIIi + IIQpnIloo) < oo- By the Riesz potential theory (see e.g. [19]), we obtain 
that Vn € L^(]R^) and 

iiKii4<ciigp::ii^ <Ci <oo 

for all n € N, where Ci > 0 is a constant independent of n. Note that Vn is symmetric 
decreasing. We obtain that 

Cl > / l^dx > lC(r)^r3 

JBriO) 

for all r > 0 and for all n G N. By setting Cq = 2>Ci/{A'k), we complete the proof of Lemma 
2.9. □ 

Note that ||gp „||2 = 1 holds for all n and that Qp„(|a;|) is decreasing with respect to 
|x|, we derive as above that 

(2.18) Qpni^) < C\x\~^^'^ for x G 

for all n G N, where C* > 0 is a constant independent of n. The estimate (2.18) can be 
improved as follows. 

Lemma 2.10. For any 7 > 1, there exists a constant C = C{'^) > 0 such that for all 
n G N, we have that 

Qpn{x) < C\x\~'^ for\x\>l. 

Proof. Note that equation (2.13) gives that 

(2.19) Qp^ix) = _ ] VnQPpZ-^ = Gn * , 

^ I '^Pn 

where Gn{x) = exp (—Y^Ap^|x|) / (47r|3:|) is the integral kernel of the operator 
Since inf„ Xp^ > 0 by Lemma 2.6, there exists (5 > 0 such that 

g— (5|x| 

(2.20) Gn{x) < —j—- for all x G and all n G N. 

47r|x| 

Now we estimate Qp^ by virtue of (2.19). Fix |x| > 1. Then by (2.15) and Lemma 2.8, we 
obtain that 

( 2 . 21 ) [ Gn{x-y)Vn{y)QZ~Hy)^y<CiGni\x\/2)\x\^ 

Here we used the fact that Gn is monotone decreasing with respect to |x|. On the other 
hand, by (2.18), Lemma 2.8, Lemma 2.9 and the fact that pn > 2, we deduce that 

(2.22) [ Gnix - y)Vn{y)QZ~\y)dy < C\x\-^/^ [ Gndy = G\x\-^/\ 

■lR3\i?iq/2(0) ./R3 

Combining (2.21) and (2.22) and noticing (2.20), we conclude that 

(2.23) Qpni^) ^ C\x\~^^'^ for all |x| > 1, 

for all n G N, where C > 0 is independent of n. Note that (2.23) is an improvement of 
(2.18). 
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Finally, for any given constant 7 > 9/4, we can substituting (2.23) into to (2.22) and 
iterating finitely many times to deduce that Qp„{x) < C\x\~'^ uniformly for all n S N. The 
proof of Lemma 2.10 is complete. □ 


Now we can prove Proposition 2.7. 


Proof of Proposition 2. 7. We need to find the function F. This follows easily from Lemma 
2.8 and Lemma 2.10. Indeed, set 


F{x) 


SUPn IIQpnIloo for |x| < 1, 
C\x\~^ for |x| > 1, 


where C = (7(4) > 0 is given as in Lemma 2.10. Then Qp^{x) < F{x) holds for all x € 
and for all re G N. Furthermore, it is easy to see that F G L^(R^) H L°°(M^). The proof of 
Proposition 2.7 is complete. □ 


2.3. Proof of Theorem 2.1. Now we are ready to prove Theorem 2.1. 

Let pn, Qp^ be defined as in Theorem 2.1. We assume that = 1 so that ||( 5 p „||2 = 1 
for all re G N. Let Ap„ be defined as in (2.10) such that Qp^ satisfies equation (2.13). Since 
Xp^ is bounded uniformly for all re G N, (2.12) implies that {Qp^} is a bounded sequence in 
iL^(M^) since ||( 5 p „||2 = 1 for all re G N. Therefore we can assume, after possibly passing to 
a subsequence, that Qp^ converges weakly to a nonnegative radial function Q^o G 
that is, 

(2.24) Qp^^Qoo 

Moreover, by the compact embedding P[^^(U.^) CC L'?(M^) for any 2 < q < Q (see Strauss 
[ 20 ]), we can assume that 

(2.25) Qp^ ^ Qoo in 

for any 2 < <7 < 6 , and 

(2.26) Qpn —t Qca n.e. in 

Furthermore, by Lemma 2.6, we can extract a subsequence of {pn}, still denote by {pn}, 
such that 

(2.27) lim = /r 

n^oo 

for some 0 < fi < 00 . 

We claim that p, is independent of the choice of the subsequence {pn}- Indeed, by 
Proposition 2.7, we easily deduce that 

(2.28) lim [ (|x|"^ * QP^) (^[["“Vdy = [ * Ql^) QooPdy 

for all ip G (7“(M^), and that 

(2.29) lim f {\x\-^*QPl)QPldy= [ {\x\-^ * QI^) Ql^dy. 

^°°aR3 7 r3 
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Then by passing to limit in equation (2.13), we derive from (2.24) and (2.28) that Q^o is 
a solution to equation 

(2.30) - AQoo - (|x|“^ * Qoo =-hQoo in 


We show that HQoolb = 1- By multiplying Q^o on each side of above equation and 
combining (2.24), (2.29), we deduce that 


(2.31) 



< 


[ iVQoopdx- [ (|x| ^*Qlo)Qlo(^y 
Jr3 Jr3 


= — lim A 

n—>-oo 


Pn 


= 


Then HQoolb > 1 follows from (2.31) since /r > 0. On the other hand, since Qp^ Qoo in 
L2(M3), we have that ||( 5 cxd ||2 < 1 holds. Therefore, we conclude that HQoolb = 1 holds. 
Then by the uniqueness result of Lieb [10], we find that Qoo = Q 2 is the unique positive 
radial solution to equation (2.30) and /i is determined uniquely by Qoo with IIQ 00 II 2 = 1- 
This proves the claim. 

Furthermore, IIQ 00 II 2 = 1 implies that Qp^ —>■ Qoo in L^(M3) and that the inequality 
in (2.31) is in fact an equality. Hence we obtain that ||VQp ^||2 —>• ||VQoo ||2 as n —>• 00 , 
from which we deduce that Qp^ —)• Qoo in Ff^(M^) as n —>■ 00 in view of (2.24). 

Finally, to complete the proof of Theorem 2.1, we note that we have convergence along 
every subsequence due to the uniqueness of the limit point Qoo G Ai. 


3. Proofs of main results 


In this section, we prove our main results Theorem 1.2 and Theorem 1.3. First we 
derive a local uniqueness result. Since our parameter p varies between 2 and 6 , the critical 

it is convenient to consider our problems in the function 

^3) n Ll 


X = L 


radV 


A\d( 


Sobolev exponent for 
space 

equipped with norm 

\\u\\x = \\u\\2 + ll^lle- 

Note that is continuously embedded into X by Sobolev embedding theorem. 


Proposition 3.1. Let Q 2 G Ai he the unique positive radial ground state to equation (1.3) 
with A = A 2 given by ( 2 . 10 ) with p = 2. Then there exists a small number h > 0 and a 
map (Q, a) G C'^(/; X X M+) defined on the interval I = [2,2 + 6 ) such that the following 
holds, where we denote [Qp,Xp) = (Q(p),A(p)) in the sequel. 

( 1 ) (Qpi Xp) is a solution to equation (1.1) with X = Xp for all p £ I. 

(2) There exists e > 0 such that [Qp,Xp) is the unique solution of equation (1.1) with 
X = Xp for p £ I in the neighborhood 

A4 = G X X R+ : ||u - Q 2 IIX + Ih - 2| < e} . 

In particular, we have that [Qp, Xp) = {Q 2 , X 2 ) holds. 
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(3) For all p & I, we have 

WQph = IIQ2II2 = 1- 

The proof of Proposition 3.1 will be given later. With the help of Proposition 3.1, we 
are able to prove Theorem 1.2 now. 


Proof of Theorem 1.2. We assume that N = 1. We argue by contradiction. Suppose, on 
the contrary, that there exist a sequence {pn} C (2,7/3) with —>■ 2 as n ^ 00 , such 
that for every pn, there exist at least two distinct positive radial ground states Qp^ € .Ai 
and (5p„ G Ai for problem (1.1) with p = pn. Let 7 = [2, 2 + <5) be the interval defined as 
in Proposition 3.1. With no loss of generality, we can assume that {pn} C I. Let be 
defined as in (2.10) with p = Pn for all n S N. Then both (Qp„, Ap^) and ((5p„, Ap„) solves 
equation (1.1) with p = Pn and A = Ap„. 

Applying Theorem 2.1 to both sequences {Qp„} and {Qp^}, we deduce that both Qp^ 
and Qpn converge strongly in 77^ (M^) to the unique positive radial ground state Q 2 £ Ai 
of problem (1.3). In particular, by Sobolev embedding theorem, Qp^ —?> Q 2 and Qp^ —)• Q 2 
in X hold. Moreover, (2.27) implies Ap^ —)• A 2 as well. 

Now we apply Proposition 3.1 to deduce a contradiction as follows. Let e > 0 and the 
neighborhood A4 be given as in Proposition 3.1. Let (Qp„, Ap,^) be defined as in Proposition 
3.1 such that {Qp„, Ap„) is the unique solution to equation ( 1 . 1 ) with p = Pn and A = Ap„ 
in the neighborhood A4 for all n £ N. Recall that both (Qp„,Ap^) and (Qp„,Ap„) are 
positive radial solutions to equation (1.1) with p = Pn and A = Ap„ for all n £ N. Recall 
also that Ap„ is independent of the choice of Qp^ or Qpn for all n £ N in view of (2.10). 
Since both Qp^ —)• Q 2 and Qp„ —)• <52 in X and Ap„ —)• A 2 hold as n — 00 , we find 
that {Qp^Apn) G nnd {Qp^Apn) ^ hold for all sufficiently large n. Therefore by 
Proposition 3.1, we deduce for all sufficiently large n that 

Qpn ~ Qpn — Qpn ^ud Ap^ = Ap„ . 

We reach a contradiction since we assumed that Qp^ A Qpn nil n £ N. The proof of 
Theorem 1.2 is complete now. □ 

We remark that from above proof of Theorem 1.2, we find that (Qp, Ap) = (Qp, Ap) for 
2 < p < 2 + 5, where Qp £ Ai is the unique positive radial ground state for problem ( 1 . 1 ) 
and Ap is the corresponding Lagrange multiplier. Thus p 1 —)• {Qp, Ap) is for 2 < p < 2 + 5. 

It remains to prove Proposition 3.1. We use an implicit function argument. We follow 
the line of Frank and Lenzmann [5, Proposition 5.2]. 


Proof of Proposition 3.1. Observe that u £ X is a solution to equation (1.1) if and only if 

u -^—- (|x|“^ * luP) = 0 in R^. 

Here denotes the bounded inverse operator of —A + A on L^(R^) for A > 0. For 

0 < 5 < 1/3 sufficiently small, we define the map 7^ : X x R_|_ x [2,2 + d) —>■ X x R by 


1 


1-1 


-A +A 

llrtl 


* \u[ 


-IIQs 



F{u,X,p) 


u — 





16 


C.-L. XIANG 


By Lemma B.l, F is continuously Frechet differentiable, and :XxM— xi?is 

given by 


d{u,\)F = 


Id + Kp, Wp \ 
2{ur), 0 )' 


where Kp is given by 


Kpi = - 


-A +A 


l)(|x| ^ |n|^ + ^ * (|«|^ ^^0) 




Wp is given by 

VFp =-* |'w|^) 

^ (-A + A)2 ^ ' 

and 2(rt, •) : X —^ M denotes the mapping 2(u, v) =2 uvdx. 

Consider the derivative d(^u^x)F at the point {u,X,p) = (<52)^2,2). For simplicity, 
we write T = fI(u,A)-^l(u,A,p)=(Q 2 ,A 2 , 2 )- We claim that the inverse ofT :XxM^XxM 
exists. That is, we have to show that for any (/, a) E X x M given, there exists a unique 
ig,/3) € X X M such that the following system is satisfied: 


(3.1) {ld+K2)g + W2/3 = f, 

(3.2) 2{Q2,g)=a. 

Note that K 2 is given by 

■^2^ = ~ _A + A2 ( C + 2 (|x|“^ * (Q2O) Q2), 

and iy 2 is given by 


IF 2 = 


1 


(|x| ^*QI)Q2- 


(—A + A 2 ) 

It is straightforward to verify that K 2 satisfies the identity 

(3.3) Id + iL 2 = (-A + A 2 )"^/:+, 2 , 


where vC +,2 is defined as in (1.5) with p = 2, and IF 2 satisfies the identity 


(3.4) (-A + A 2 )bF 2 = Q 2 . 

We claim that Id + K 2 has a bounded inverse on L2g^(M^). Otherwise, —1 belongs 
to the spectrum of K 2 . Since K 2 is a compact operator on L2^(M^), we know that —1 is 
an eigenvalue of K 2 . Thus there exists v G u / 0, such that (Id + K 2 )v = 0. 

But then (3.3) gives that C+^ 2 V = 0. However, by the nondegeneracy result of Lenzmann 
[9] (that is. Theorem 1.3 with p = 2), we have that u = 0. We obtain a contradiction. 
This proves the claim. Moreover, since K 2 : X —)• X holds (see the proof of Lemma B.l for 
details), we deduce that (Id + K 2 )~^ exists on the space X as well. Hence we can solve 
equation (3.1) for g uniquely by 

5 = (Id + K2)-^ if - W2(3) . 


Combining this equation together with (3.2) yields 

2 (Q2, (Id + K 2 )-^ W 2 )P = 2{Q2, (Id + K 2 )-^ f) - a. 
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Thus, to solve (3 uniquely, it is equivalent to show that 2 (Q 25 (Id + K 2 ) ^ W 2 ) 7 ^ 0. To see 
this, we use the fact that 

(3.5) C+^2R = - 2 A 2 Q 2 , 

where R = 2 Q 2 + x ■ VQ 2 (see (4-28) of Lenzmann [9]). Then using the identities (3.3) 
(3.4) and (3.5) gives us that 

2(Q2, (Id + K 2 )-^ W 2 ) = [ IQapdx / 0. 

2 A 2 J]R3 

This proves the claim that T has an inverse mapping. Finally, applying the implicit function 
theorem to the map F at (<52)^2, 2) as that of Frank and Lenzmann [5, Proposition 5.2], 
we derive the assertions (l)-(3) provided that <5 > 0 is sufficiently small. The proof of 
Proposition 3.1 is complete. □ 

Next we prove Theorem 1.3. We follow the argument of Lenzmann [9, Theorem 3]. 

Proof of Theorem 1.3. Assume that N = 1. Let {Q 2 ,^ 2 ) be the unique positive radial 
ground state to equation ( 1 . 1 ) with A = A 2 and consider the linear operator 22+^2 associated 
to <52 defined as in (1.5) with p = 2. Then it was given by Lenzmann [9, Theorem 4] that 

Ker £+,2 = span{dxj^Q 2 ,dx 2 Q 2 ,dx 3 Q 2 } ■ 

On the other hand, let h > 0 be defined as in Theorem 1.2 and consider 2 < p < 2 + 6. 
Let (Qp,Ap) be the unique positive ground state to equation (1.1) with A = Ap. Consider 
the linear operator associated to Qp defined as in (1.5). By differentiation, we deduce 
that 

(3.6) {dxiQpj dx2QpT dx^Qp} T KerT-i- p. 

Our aim is to show that above equality is attained. The idea is to show that the dimension 
of Ker£+^p is at most three. We use the following standard perturbation argument. 

As pointed out by Lenzmann [9], 0 is an isolated eigenvalue of the spectrum of C^^2- 
Consider the integral of the resolvent of C+,2 

the so called Riesz projection Pq of C+,2 on its kernel Ker£+^ 2 , where Dr = {z £ C : \z\ < 
r}. Here we choose r sufficiently mall such that 0 is the unique eigenvalue of C+,2 on the 
closed ball Dr- We claim that the projection 



exists for 2 < p < 2 + 6', where 0 < (5^ < 5 is a sufficiently small number, and satisfies 

(3.7) ||i-o,p ~ 7 ’o||l2->.l2 —^ 0 as p —>• 2. 

Indeed, we conclude by the remark that follows the proof of Theorem 2.1 and Lemma B.l 
that 

\\{^+, p - z ) ^||l2^.l2 < C '||(£+,2 - 2 ) 
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for p > 2 and sufficiently close to 2 and z S dDr, where C > 0 is a constant, and that 

\\{^+,P — z) ^ — {^+,2 — z) ^ 0 as p — )• 2. 

This shows that Po,p exists for 2 < p < 2 + 5' and (3.7) holds, provided that 0 < (5' < (5 is 
sufficiently small. Since rank Pq = 3 and the rank of Po,p remains constant for 2 < p < 2+5', 
we deduce by (3.7) that Po,p has at most 3 eigenvalues (counted with their multiplicity) 
on Dr for 2 < p < 2 + 5'. In particular, we obtain that 

dimKer/l_|_ ,p < 3 

for 2 < p < 2 + 5'. Therefore the equality in (3.6) must hold for 2 < p < 2 + 5'. This 
hnishes the proof of Theorem 1.3. □ 

Appendix A. Proof of Theorem 1.1 

In this section, we give a short proof for the existence part of Theorem 1.1 for the 
sake of completeness. A complete proof of Theorem 1.1 can be found in Moroz and Van 
Schaftingen [17]. We start the proof with the following observation. 

Lemma A.l. Assume that 5/3 < p < 7/3. Then —oo < m{N,p) < 0 for any N > 0. 

Proof. It is a consequence of Lemma 2.2 and Lemma 2.4. □ 

By Lemma 2.3, we have the following conclusion. 

Lemma A.2. The infimum m{N,p) is strictly decreasing with respect to N. 

To prove the existence of minimizers of problem (1.4), we apply the rearrangement 
technique. For any given function u G 77^ (M^), we denote by u* the symmetric-decreasing 
rearrangement of u. The following properties hold for all u G 

(A.l) ll^*llij = ll^llg V 2 < q < 6; 

(A.2) K{u*) < K{u); 

(A.3) Dp{u*) > Dp{u). 

Equality of (A.3) is attained if and only if u{x) = u*(x — xq) for some xq G For the 
precise definition of u* and the proof of above properties, we refer to e.g. Lieb and Loss 
[11]. Now we are ready to prove Theorem 1.1. 

Proof of Theorem 1.1. By Lemma 2.3, it suffices to prove Theorem 1.1 in the case N = 1. 
Recall that we denote m(p) = m(l,p). That is, 

(A.4) m(p) = inf {Ep(u) : u G Ai} . 

Our first aim is to show that m{p) is attained. Let {un} C Ai be a minimizing 
sequence of problem (A.4). Consider the symmetric-decreasing rearrangement ti* for all 
n G N. By (A.l) (A.2) and (A.3), we deduce that the sequence {u*} is also a minimizing 
sequence of problem (A.4). On the other hand, since 0 < 3p — 5 < 2, we deduce from (2.7) 
that 

Ep{u)>^ [ \Vu\^dx — Cp VrtGAi, 

4 Jr3 
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for a constant Cp > 0 depending only on p. Therefore we conclude by using above estimate 
that {u5!j} is a bounded sequence in Hence there exists a function u G 

such that 


(A.5) K^u 

Moreover, we have that u G and u > 0 hold since are nonnegative radial 

functions for all n G N. Furthermore, by the compactness embedding C 

for any 2 < q < 6 (see Strauss [20]), we can assume by passing to a subsequence that 

(A.6) ul^u in 


Then it follows from (A.5) that 


[ |V<|2dx = [ 
J« 


|Vtt* pdx = / |Vi;npdx+ / |Vixpdx + o(l). 


where Vn = — u, and it follows from (A.6) that 


[ ih 


*<P)<Pdx = 


[ ih 

Jr3 


* uP) uPdx + o(l) 


as n —>■ oo. Therefore, combining above two equalities gives us that 


(A.7) Ep{u*J = K{vn) + Ep{u) + o(l) 

as A: —)• oo. Since K{vn) > 0, we obtain that Ep{u) < m{p) < 0. In particular, we obtain 
that tt ^ 0 . 

To show that Ep(u) = m{p), it suffices to show that u G Ai- Suppose that u ^ Ai 
holds. Since u* ^ it in L^(M^), we have ||rt ||2 < hminf„ ||u* ||2 = 1- Hence there exists 
a G (0,1) such that ||u ||2 = a, that is, u G Aa- Then m{a,p) < Ep{u) holds. Note that 
m{a,p) > m{l,p) = m{p) by Lemma A.2. We obtain that 

m{p) < m{a,p) < Ep{u) < m{p), 

which is impossible! Hence u G Ai holds. Then we obtain Ep{u) = m{p). This shows that 
IX is a minimizer of problem (A.4). 

Suppose now Q G Ai is an arbitrary minimizer of problem (A.4). Then we have 
Q* G Ai by (A.l), which implies that Ep{Q*) > Ep{Q). On the other hand, by (A.2) and 
(A. 3) we derive Ep{Q*) < Ep(Q). Hence, we have Ep{Q*) = Ep{Q), from which we infer 
that Q* is also a minimizer of problem (A.4), and that the equalities in (A.2) (A.3) are 
attained at xx = Q. Therefore, there exists a point xq G such that Q{x) = Q*{x — xq). 
This proves that every minimizer of problem (A.4) is a nonnegative radial function with 
respect to a point xq G and symmetric-decreasing with respect to r = |x — Xo|. 

Next we prove that Q is positive everywhere. It is well known that Q solves equation 
(1.1) with a positive Lagrange multiplier A > 0. Thus we obtain from equation (1.1) that 
Q satisfies 

As the integral kernel of is positive everywhere and Q is nonnegative nontrivial, we 

infer from above formula that Q is strictly positive in 
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Now applying Proposition 4.1 of Moroz and Schaftingen [17], we obtain that Q G 
for any s > 1. By the maximum principle, we conclude that Q'{\x\) < 0 
for |x| 7 ^ 0. The last assertion of Theorem 1.1 is covered by Theorem 4 of Moroz and 
Schaftingen [17]. We omit the details. The proof of Theorem 1.1 is complete. □ 

Appendix B. Regularity of F 
Recall that in Section 3 we denote 


X = L: 


rad \ 




equipped with norm ||u||x = ll^^lb + ll^lle- Define the map T : X x 

by 

1 


X [2,7/3) X X M 


F{u,\,p) = 


u — 


1-1 


x\ " * |u|^) \u\P 
2 


-A +A 

Il'*^ll2 “ *"0 

for n G X, A G M+ and p G [2,7/3). Here cq is a fixed constant. For simplicity, we write 
I = [2,7/3) below. Since we will make a series of estimates, it is convenient to use the 
standard notation A < B to denote A < CB for some constant C > 0 that only depends 
on some fixed quantities. We also write A <a,b,... B to underline that C depends on the 
fixed quantities a,b,... etc. 

Lemma B.l. The map F : X x M+ x / —>■ X x R is 

Proof. First, we prove that F : X x R+ x / —>• X x R is well defined. Note that there holds 


(B.l) 


1 


-A + A 


^■ 2 ( 153 ) 


Ibib 


for V & Lr 


Since i7^(R^) is continuously embedded in F^(R^) n F°°(R^), F^(R^) is continuously em¬ 
bedded in X continuously as well. Thus we only need to show that (|x|“^ * |u|^) G 

bolds for any u G X and p ^ L For notational simplicity, write 

g{u,p) = (|x|“^ * |u|^) \u\^~'^u. 

Set q = 6{2p — l)/7. Then we have 2 < p < q < 6 since p € F By interpolation, it is 
elementary to compute that 


(B.2) 


\u\\q < ||tt| 


for tt G X. Then Young’s inequality gives us that 

i-W. i„,|P|| <„ IMIIP < 


UC 


* \\U\\q 


(B.3) 

where r is given by 
(B.4) 

ft is elementary to obtain that 
(B.5) [ju 

Hence Combining (B.3) and (B.5) yields that 
(B.6) \\g{u,p )\\2 <p 


u 


IP-2 


lip 
- + 1 — - + 
r o q 


U\\ q = ||tt||^ ^ < ||tt 

P-1 


\P-1 
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Thus, by (B.6) and (B.l) we deduce that 


1 


-A +A 


9{u,p) 


< 


1 


-9{u,p) 


H'2 


<A \\g{u,p)\\2 <X,p lli^llx 


-A + 

This proves that F is well defined. 

Next we turn to the Frechet differentiability of F. It is straightforward to verify 
that the second component F 2 of F is continuously Frechet differentiable and its Frechet 
derivative at u is given by F^iu) = 2{u,-), where (tt, •) denotes the map gf 1 —)• {u,g). Let us 
now turn to consider the Frechet differentiability the first component 

Fi=u - ^ 9 {u,p). 

We claim that Fi € and its partial derivatives are given by 


dFi 

du 


= 1 - 


1 


and 


-A +A 
dFi 


gu{u,p), 


1 


dFi _ 

~ {-A + \f 

-gp(.u,p), 


giu,p) 


dp —A + A‘ 
where gu{u,p) = dug{u,p) : X —)• X is given by 

gu{u,p)f = (|x|“^ * {p\u\^~‘^uf)) \u\P~^u + (|x|“^ * lulP) {p - l)\u\P~‘^f, 


and 

gp{u,p) = log |rt|)) + (|x|“^ * |u|^) |tt|^“^rilog |tt|. 

This claim follows in a standard way by using Sobolev inequalities, Holder’s inequality 
and estimates such as (B.2) (B.3) (B.5) and the regularity of functions such as t 1 —)• 
with p>2. In the following we prove the claim of dFi/du. The claims of other two partial 
derivatives d\Fi,dpFi can be proved similarly. 

First we prove that dFi/du exists and be given as above. So we have to show that for 
any h G X, 

^F^ 

(B.7) Fi{u + h, \,p) - Fi{u, X,p) - X,p)h = o{l)h, 

where o(l) —>• 0 as \\h\\x —)• 0. By a direct calculation, we obtain that 

dF 1 ^ ^ 

Fi{u + h,X,p) - Fi{u,X,p) - -^{u,X,p)h = ^ 

2=1 

where Mi, i = 1 , 2 , 3, are given by 

Ml = (|x|“^ * (|tt + h\^ — |tt|^ — p\u\^~‘^uh)) \u + h\^~'^{u + h), 

M 2 = (|x|“^ * |rt|P) (|rt + + h) — — {p — , 

Afs = (|x|“^ * p\uY‘~‘^uh') (|u + + h) — , 

respectively. We always assume that ||h||x < 1 since we let ||h||x tend to zero in the end. 
Note that 


(B.8) 


— \u\ 


p\u\P-^uh\ <p {\u\P-^ + \h\P-^)\h\^, 


u + h\P 
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Then by (B.3) (B.8) and (B.2) we deduce that 

lllxp^ * (I'M + h\P - \u\P - p\u\P~^uh)\\^ ^p,||n||x ll^llx> 

where r is dehned as in (B.4) with q = 6(2p — l)/7. Then combining above estimate and 
(B.5) as before implies that 

||Mi||2<p,|H|, ||h|||. 

Similarly, since p > 2, we deduce that 

IIM2II2 <p,\\u\\x o(l)ll^l|x, 
where o(l) —>• 0 as ||h||x —^ 0, and that 

IIA 73 II 2 ^p,||«||x ll^llx- 

Therefore, we obtain by combining above three estimates together that 


dFi 

Fi{u + h,X,p) - Fi{u,X,p) - —{u,X,p) 


< 


p,||W|| 


oiimix. 


This proves (B.7) and thus duFi exists and be given as claimed. 

Next we prove that duFi depends continuously on (u,X,p). Fix an arbitrary point 
{u, X,p) G X X M+ X I and let e > 0. We have to find <5 > 0 such that 


(B.9) 


dF. dFi ~ 

— (u,A,p)-—(u,A,p))/ 


< e 


whenever ||tt — u||x + |A — A| + |p — p| < h holds for (u, X,p) G X x M+ x L 
Note that 

1 


dFi^ ^ ^ dFi ^ ^ 


< 


+ 


-A + A 
1 


u,p) - guiu,p))f 

1 


9u{u,p)f 


A + A —A + A^ 

= : Ji + J 2 . 

In the following we only prove (B.9) for the first term Ji. That is, there exists h > 0, such 
that whenever ||u — u||x + |A — A| + |p — p| <5 holds for (u, X,p) G X x M_|_ x /, then 

1 


(B.IO) 




-A +A 


[gu{u,p) -guiu,p)^f 


< € 


The estimate of J 2 can be derived in the same way as that of Frank and Lenzmann [9, 
Appendix E], where even more general operators are considered. For example, the 
continuity about the parameters s and A of the operator ((—A)® + A)~ is proven in Frank 
and Lenzmann [9, Lemma E.l]. 

To prove (B.IO), (B.l) implies that it is sufficient to prove 


(B.ll) 


[gu{u,p) - gu{u,p)^f 




whenever ||u — it||x + \p — p\ <5 holds 1 > h > 0 small enough and {u,p) G X x /. Note 
that 

\\{guiu,p) - gu{u,p)) f\\ 2 < (^guiu,p) - gu{u,pj^f (^guiu,p) - gu{u,p)^ f 
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Denote 

Li = {gu{u,p) - gu{u,p)^f and L 2 = {gu{u,p) - gu{u,p)^f. 

We show that 

(B.12) ll^ilb <p,||«||x e||/llx 

and that 

(B.13) IIL 2 II 2 <p,||«||x e|l/llx 

hold. In the sequel we estimate Li and L 2 one by one. 

First we estimate Li. it is easy to obtain that Li = where 

Lii = (|x|"^ * |rt|^’) (p - 1) f, 

Li2 = (kr^ * (|i2|^ - \u\P)) {p - l)\u\P~'^f, 

*p — \uf~‘^u) /) \uf~‘^u, 

and 

Li 4 = (|x|“^ *p|m|^“^'u/) (juf~'^u — , 

respectively. We will estimate Lii,Li 2 for instance and leave the estimates of Li 3 ,Li 4 for 
the interested readers. We assume that p > 2, for otherwise Ln = 0, we are done. Note 
that < |u — since 0 < p — 2 < 1. Set q = 6(2p — l)/7. Thus (B.5) 

gives that 

II (isr" - i^r^) /lu < 11- - iiir"ii/iii < <5'-"ii/iijc. 

p-i 

Combining above inequality together with (B.3) yields that 
(B.14) II^ii||2<p,|h|x<5^“'||/IIx. 

Here we used the assumption ||n — u\\x + |p — p| < <5, which implies that ||u||x < ll^llx + 1 
and p < p + 1. To estimate L 12 , note that ||rt|^ — Ittpl <p |u — ul. Then 

(B.3) implies that 

II (|x|-i * {\u\P - |nr)) II- <p,|H|x ||n - u\\q <p,|M|x <5 

since ||u — i2||q < ||u — i2||x < 5, where r is given by 1/f+1 = 1/3+p/g with q = 6(2p—1)/7. 
Thus combining above inequality together with (B.5) gives us that 

(B.15) ||7^12||2<p,|m|x5||/||x. 

Since we can obtain similar estimates for Li 3 ,Li 4 as above, it becomes obvious from e.g. 
(B.14) and (B.15) that we can choose <5 > 0 sufficiently small such that (B.12) holds. This 
gives the estimate of Li. 

Next we estimate L 2 . We have L 2 = where 

L 21 = * \u\P) ((p - l)|u|P"^ -{p- l)kl^"^) /, 

L 22 = * (kr - \u\^)) iP - 1)1'^^“^/, 

L23 = * {pW\^~'^uf)) (|tt|^“^tt — , 

7>24 = * (p|tt|^“^tt — p|u|^“^u) /) \uf~'^U 


and 


24 


C.-L. XIANG 


respectively. We estimate the first term L 21 for instance, and leave the estimates of L 22 , 
L 23 and L 24 for the interested readers. Note that 

(B.16) \{p — — {p — < Ip — + (p “ 1) ■ 

Set q = 6{2p — l)/7. Then by (B.3), (B.5) and above inequality we deduce that 

I|7^2i|| 2 ^p,||n||x ^|p “ p| + ll/llx- 

We estimate the second term in the bracket of above inequality as follows. We only consider 
the case p > p. The case p < p can be considered similarly. By an elementary calculation, 
we obtain that 


||m|^ ^ — |u|^ <p,p,m \p — p\\u\^ ^ on {1/M < |tt| < M}, 
for any given constant M > 1, and 

- \u\P~^\ < 2 \u\p~‘^X{\u\>m} on {|u| > M}, 
where X{\u\>M}{x) = 1 if |u( 3 :)| > M and X{\u\>M}{x) = 0 if |u(a;)| < M, and 

< 2|u|P"^X{N|<i/m} on {|u| < 1/M}. 


Thus we can obtain that 


\u\P ^ - |u|P ^ 11 ^ < (^(M,^, ||u||x) |p-p| + Cp 

P-2 


/ 


P-2 

\u\^-^ X{\u\>M}dx 


(p- 2 )/<? 


+ |hx{H<i/M}||x 


It is elementary to show that 

. p- 2 . 


X{\u\>M}dx 


and that 


(p-2)/g 


IP-2 


0 as M —)• 00 and p ^ p 


0 as M —)• 00 . 


\\uX{\u\<i/M},,g 

Thus for given e > 0, we first choose M > 1 sufficiently large such that 

{v-‘X)lq 


p-2 

\u\^-^\{\u\>M}dx 


I II l|P“2 ^ 

+ |PT{|u|<l/Af}||x ~P 


and then fix such M and choose <5 > 0 sufficiently small enough such that C (M, ||u||x,p) |p— 
p| <p e. This proves that 

(B.17) ||T 2 i|| 2 <p,|m|, 6 ||/||x. 

Since we can derive above estimates for L 22 , T 23 and L 24 , we conclude that (B.13) holds. 
This gives the estimate for L 2 . 

Finally, combining (B.l), (B.ll), (B.12) and (B.13) gives us the estimate (B.IO), and 
thus follows the continuity of duFi. As we can prove similarly the continuity of the deriva¬ 
tives d\Fi,dpF\, the proof of Lemma B.l is complete. □ 
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